We have studied quasinormal modes of spinor 1 2 , massless Dirac field perturbations of a black hole in massive gravity. The parameters of the theory, such as the mass of the black hole, the scalar charge of the black hole, mode number and the multipole number are varied to observe how the corresponding quasinormal frequencies change. We have also used the Pöschl-Teller approximation to reach analytical values for the frequencies of quasinormal modes for comparison with the numerically obtained values. Comparisons are done with the frequencies of the Schwarzschild black hole.
Introduction
Massive gravity is an alternative theory to General Relativity where the graviton, which is a spin two field, acquire a mass. There are several reasons to study massive gravity theories: one of the reasons being able to explain the acceleration of the universe without introducing the cosmological constant or dark energy. It is speculated that by introducing mass for the graviton, the gravity can be modified at the infrared in a such a way as to produce the acceleration of the universe. The first attempt to include mass for the graviton was done by Fierz and Pauli in 1939 [1] . In comparison with GR where the graviton has two degrees of freedom, in a massive gravity theory the graviton has five degrees of freedom.
During the last few years, significant progress has been done on massive gravity theories. For example, a particular massive gravity theory called dRGT theory [2] [3] is found to be free from Boulware-Deser ghosts. Two other well known massive gravity theories which are also know to be free from ghosts are, DGP model [4] and the "new massive gravity theory" in three dimensions [5] . There are many interesting works related to massive gravity in the literature and we find it difficult to discuss all; we will direct the reader to excellent reviews on the topic by de Rham [6] and Hinterbichler [7] instead.
In this paper, we focus on a massive gravity theory which is a Lorentz violating theory. In this model, Lorentz symmetry is broken spontaneously by four scalar fields called Goldstone bosons. These field are coupled to gravity through derivative coupling. When Lorentz symmetry is broken spontaneously, the graviton acquire a mass very similar to the Higgs mechanism. A nice review of Lorentz violating massive gravity theory can be found in [8] [9] .
The Lorentz violating theory of massive gravity considered in this paper is described by the following action:
Here R is the scalar curvature of the space-time geometry and F is a function of X and W ij . The functions X and W ij are functions of scalar fields Φ 0 , Φ i and are defined as,
The theory described by action in eq. (1) is the low-energy effective theory below the ultra-violet cutoff Λ and a perturbative analysis on the theory calculate the value of Λ to be in the order of mM pl where m is the graviton mass and M pl the Plank mass [10] [8] [11] [12] . The scalar fields Φ 0 , Φ i are responsible for spontaneously breaking Lorentz symmetry. When symmetry is broken, the scalar fields Φ 0 , Φ i acquire a vacuum expectation value and are called Goldstone fields.
Studies of perturbations and quasi normal modes (QNM) of black holes have a rich history. The founders of black hole perturbations were Regee and Wheeler where they established the equations of axial perturbations of the Schwarzschild black hole in 1957 [13] . Thereafter, the contributions from Zerilli, Vishveshwara, Press and Teukolsky put a firm foundation on the area of research on black hole perturbations as an important field of research in gravitational physics. A nice review on black hole perturbations and current methods used can be found in [14] . QNM are a set of modes arising during the intermediate stage of a black hole perturbation. The frequencies of QNM are complex and only depend on the properties of the black hole such as the mass, spin and the charge. Studies of QNM frequencies has attracted great attention due to variety reasons: one of the prominent being the current attempts to observe gravitational waves. If current gravitational wave detectors can detect signals emitted from black holes, then we will be able to specify their properties of such objects in the universe [15] . An exhaustive reasons as to why we need to study QNM frequencies are given in the nice review by Konoplya and Zhidenko [16] .
In this paper we focus on the spin 1 2 , massless Dirac spinor field perturbation of a black hole in massive gravity. There are several works which have focused on the QNM of Dirac perturbations of black holes: Dirac perturbations of the Lifshitz black hole in 4 dimensions were studied in [17] . Scalar and Dirac perturbations of the Kerr-Newmann-de Siter black hole were analyzed by Konoplya in [18] . Spinor perturbations of regular black holes where nonlinear electrodynamics are coupled to gravity were studied by Li and Ma in [19] . Decay of spinor half field around a BornInfeld black hole was studied by Fernando [20] .
The paper is organized as follows: in section 2, the black hole in massive gravity is introduced. In section 3, the equations for the massless Dirac field of spin 1 2 is developed and presented. In section 4, the WKB approach is employed to compute QNM frequencies by varying the parameters in the theory. The Pöschl-Teller approximation is used to find analytical values for ω in section 5. Finally in section 6 the conclusion is given.
Black holes in massive gravity
In this section we will present the basic characteristics of the black hole in massive gravity considered in this paper. A detailed derivation can be found in [21] and [22] . The geometry is described by the metric given by,
where,
The scalar fields are given by,
where
Here m is the mass of the graviton and λ is a positive constant. λ has to be greater than 1 in order for the solutions to be asymptotically flat and M to be the ADM mass. Q is a scalar charge and represents a gravity theory with a massive graviton. The function F for this particular black hole solution is given by,
There are two possibilities for Q when M > 0. When Q > 0, the geometry is very similar to the Schwarzschild black hole with a single horizon. The function f (r) for this case is given in Fig.(1) . The horizon radius for the black hole in massive gravity is larger than the one for the Schwarzschild black hole. When λ → ∞, r h → 2M which is the value for the Schwarzschild black hole.
When Q < 0, the geometry is similar to the well known Reissner-Nordstrom charged black hole. There could be two, one or no horizons depending on the parameter of the theory. The function f (r) for this case is given in Fig.(2) .
When the mass of the black hole M is,
the horizons merge. For M > M critical , there will be two horizons. For M < M critical , there wont be any horizons and there will be a naked singularity. The Hawking temperature of the black hole is given by,
The temperature is plotted varying the mass M and Q in Fig.(3) and Fig.(4) . When M increases, the temperature decreases. This behavior is similar to the behavior of the temperature of the Schwarzschild black hole. When Q is increased, the temperature increases to a maximum and then decreases. Thermodynamics and phase structure of the massive gravity black hole analyzed in this paper was addressed by Capela and Nardini [23] . in a curved back ground is given by,
Here, e a ν is the tetrads and e µ a is the inverse of the tetrads. The metric tensor g αβ of the space-time considered and the tetrads e Here, η ab = (−1, 1, 1, 1) is the metric of the flat space. The γ a matrices appearing in eq. (12) are defined by,
Here, σ a are the well known Pauli matrices given by,
The γ a matrices satisfy the anti-commuting relations,
The spin connections Γ µ in eq. (12) are defined as,
with, e bν;µ = ∂ µ e bν − Γ For the metric given in this paper, the tetrads are given by,
Therefore, the spin connections for this space-time is given by,
To facilitate computations, the function ξ can be redefined as,
Then the Dirac equation (12) simplifies to,
Before proceeding further, some clarifications are required. Since the field considered here is massless and spin 1 2 , the allowed solutions to the Dirac equation are circularly polarized. More details of this argument can be found in the paper by Brill and Wheeler [24] . According to Brill and Wheeler [24] , the spinors considered have right handed circular polarization and the allowable spin states satisfy the identity,
Here γ 5 is given by,
The eq. (23) gives a simplified set of components for Φ as,
Hence the Dirac equation yield two identical set of equations each coupling Φ 1 and Φ 2 . The components Φ 1 and Φ 2 are redefined as follows:
Substituting eq. (26) to the Dirac equation (22) yields,
The angular part of the above equation can be solved in terms of spin-weighted spherical harmonics, s Y lm . A lengthy description of spin weighted spherical harmonics can be found in [25] and [26] . One can define two operators ∂ + and ∂ − as,
It was shown in [25] [26] that the above operators act on spin weighted spherical harmonics s Y lm as ladder operators. In particular if the spin s = , the above operators gives the following relations;
Note that l ≤ |s| and l has to be half integer. Hence l can be written in terms of µ which is a positive integer as,
. Here µ will be called the multipole number in the rest of the paper which can take any positive integer.
If the functions α 1 (θ, ϕ) and α 2 (θ, ϕ) are chosen as spin weighted spherical harmonics given by,
the eq.(27) and eq.(28) can be simplified to be,
r * is the "tortoise" coordinate given by,
and the function W (r) is,
Two new functions β ± can be defined as,
and eq. (35) and eq. (36) can be decoupled as,
Here, V ± Dirac are related to W (r) as,
In a paper by Anderson and Price [27] it was discussed that two potentials V + Dirac and V − Dirac as given above which are related, will produce the same physical consequences. Hence, both potentials will produce the same QNM spectra. Therefore, we will use only V + Dirac for all of our computations in the rest of the paper and will be referred to as just V Dirac (r).
The effective potential V Dirac (r) depends on four parameters: M, Q, µ and λ. In Fig.(5) , V Dirac (r) is plotted as a function of r by varying λ. When λ increases, the height of the potential increases. In Fig.(6) , V Dirac (r) is plotted as a function of r by varying µ. When µ increases, the height of the potential increases. In Fig.(7) V Dirac (r) is plotted as a function of r by varying M. When mass increases, the height of the potential decreases. In Fig.(8) , V Dirac (r) is plotted as a function of r by varying Q. When Q increases, the potential height decreases. However, the potential for the Schwarzschild black hole (with Q = 0) is higher than any one of them. The behavior of the potential V Dirac is similar to the behavior of the effective potential of the massless scalar field around the massive gravity black hole [37] . 
Computation of QNM frequencies
QNM of a black hole for a particular perturbation are given by the solutions to the corresponding wave equations. In this paper, the QNM are given by the solution to the Dirac wave equation in eq(40). To seek solutions boundary conditions has to be imposed; for asymptotically flat black hole, such as the one considered in this paper, the boundary conditions are, ingoing waves at the horizon and out going waves at the spatial infinity. In this work we are particularly interested in frequencies of QNM. QNM frequencies are complex and do not form a complete set. For stable black holes, the imaginary part of the frequency ω is expected to be negative. The modes of the perturbations are labeled by an integer n. The fundamental mode is described by n = 0 mode. Since the largest value of ω I is for n = 0, we will mostly be interested on ω I with n = 0. Analytical solutions to the wave equations resulting from black hole perturbations are rare. There are few examples we would like to mention here. QNM frequencies of dilaton black holes in 2+1 dimensions have been found by Fernando in [28] [29] [30] . Some other examples with exact QNM frequencies are in [31] [32] [33] .
Due to the inability to solve the wave equations and frequencies analytically, there are numerous numerical methods developed to compute QNM frequencies. The reader is referred to the review by Konoplya and Zhidenko [16] as an excellent source of reference for various methods. Out of the methods used in literature, the WKB analysis is one of the most popular methods to find QNM frequencies. WKB approach was developed by Iyer and Will [34] and subsequently developed to sixth order by Konoplya [35] . This method has been employed to compute QNM frequencies corresponding to black hole perturbations in several cases. Examples are found in [20] [36] [37] . In this method, the QNM frequencies are given by the expression,
Here, r max is the place where V (r) is maximum and V ′′ (r) is the second derivative of the potential. Expressions for Ω i can be found in [35] .
In this paper, we used the WKB approximation described above to compute the QNM frequencies. We used all 6 orders for the computation. WKB approximation is accurate when the multipole number µ is greater than the overtone number n [35] .
We have computed ω for the Dirac field by varying the parameters in the theory, M, λ, Q, n and µ. All ω I values were negative; therefore, the black hole is stable under Dirac field perturbations. We have presented results in tables as well as figures. Notice that ω I is negative and we have only written the value without the negative sign in the table. We have also used only the value in plotting the graphs.
First, let us discuss the effects of λ on ω. The values are given in Table 1 . For small values of λ, both ω R and ω I increases with λ. When λ is increased further, ω R approaches a constant value. The behavior is similar for both n = 0 and n = 1, and is presented in Fig.(9) . For ω I , increasing λ further increase it to a maximum and then decreases to a constant value. This behavior is demonstrated in Fig.(10) . The stable values reached by both ω R and ω I corresponds to the values for the Schwarzschild black hole given by, ω Sch = 0.09133 −i0.04747(µ = 1) and 0.1779 −i0.1487(µ = 2). In general, the Dirac field decay slower around the massive gravity black hole for small λ. There is a range of λ for which the Dirac field decay faster than the Schwarzschild black hole. Hence the significance of λ on the decay rates are only for a short range as is obvious from the graphs. This behavior is not surprising since the metric function f (r) ≈ 1 − 2M r for large λ values. The behavior of the scalar field around this black hole was similar as shown in [37] .
When ω R and ω I were studied by varying the mass of the black hole as given in Table 2 , both decreases with increasing mass M as shown in Fig.(11) and Fig.(12) . Hence, small black holes are more stable compared to large black holes. The scalar field behaves similarly [37] .
When Q parameter is varied, ω R decreases with Q. On the other hand ω I increases to a mamximum and then decreases as shown in Table 3 and Fig.(13) . Hence there is a maximum value of Q which gives more stability. Interestingly, the scalar field demonstrated different behavior by increasing ω I when Q is increased [37] .
In Fig.(14) and Fig.(15) , ω R and ω I are plotted against the multipole number µ. The values are given in Table 4 . When µ is increased, ω R increases linearly. For both n = 0 and n = 1, this behavior persists. On the other hand, ω I decreases to a constant value when l is increased. The behavior is similar for n = 0 and n = 1.
When ω R and ω I is plotted by changing the mode number n, ω R decreases with n and ω I increases with n. Also, ω I has a linear relation with n. This is demonstrated in Fig.(16) and Table 5 .
It was observed that the temperature of the black hole depend on ω I linearly for asymptotically anti de Sitter black holes [38] . Hence, we also plotted ω I vs the temperature of the black hole by varying Q. A linear relation seems to exist between the temperature and Table 3 : QNM frequencies for Q values. Here M = 2, λ = 3 and µ = 1. Table 5 : QNM frequencies for various overtone mode number n values. Here M = 2, λ = 2, µ = 11 and Q = 1. One can obtain analytical values of ω by approximating the effective potential with the well known Pöschl-Teller potential. Ferrari and Mashhoon [39] , applied this method to obtain exact results for the Schwarzschild black hole, Reissner-Nordstrom black hole and the Kerr black hole. Since the wave equation with the Pöschl-Teller potential can be solved exactly, one can find analytical formulas for the QNM frequencies ω.
Here, we will apply this method to obtain approximate values for QNM frequencies of the Dirac field with large λ.
In the the Pöschl-Teller approximation, the effective potential is approximated by,
Here r * is the tortoise coordinate described in eq. (37) . r * o is the point where the potential has its the maximum: hence dV dr * = 0 at r * = r * o . The variable β and V 0 are given by,
It was shown in [?] [39] that the QNM frequencies ω for the above potential is given by,
Due to the complicated nature of the potential in eq.(41), we will study the QNM frequencies at the eikonal limit (large µ). Then, the dominant term in the effective potential is the one proportional to µ 2 . Hence,
Since we are studying the wave equation for large λ, the function f (r) can be approximated as,
Here κ = 1 λ andQ is chosen such that f will be dimensionally correct.
. Hence for large λ, the horizon gets closer to the horizon of the Schwarzschild black hole which is what is expected as given in Fig.(1) . Now, dV dr * = dV dr dr dr * = 0 lead to the solutions,
The final results for β and V o are given as,
Hence ω is given as,
It is clear that when λ → ∞(κ → 0), ω reaches the value for the Schwarzschild black hole obtained by Ferrari and Mashhoon in [39] . By observing the ω given above, one can explain the behavior of ω obtained with the WKB approach. For example, when µ becomes large, the above approximation gives ω R ∝ µ which was observed in Fig.(14) . On the other hand ω I is independent of µ which is what was demonstrated in Fig.(15) . When κ → 0(λ → ∞), ω → ω Schwarzschild . This is clear from Fig.(9) and Fig.(10) . When the mass M is increased, both ω R and ω I decreases from eq.(52). This is the same behavior observed in Fig.(11) and Fig.(12) .
Conclusion
We have studied QNM frequencies of a spin 1 2 , massless Dirac field perturbations of a black hole in massive gravity. First we computed frequencies ω with the 6th order WKB approximation. The parameters in the theory, λ, M, Q and µ are varied to obtain the relations with ω. For small values of λ, both ω R and ω I increases. When λ gets larger, ω R reaches a stable value; ω I keep increasing to a maximum and then decreases to a stable value. The stable value corresponds to the ω of the Schwarzschild black hole. Similar behavior was observed for the massless scalar field perturbations around the black hole [37] .
When the mass M is increased, both ω R and ω I decreases. Hence, small black holes are more stable. When Q increases, ω R decreased. On the other hand ω I increased to a maximum before falling off for large Q. Hence there is a maximum value of Q for which the black hole is most stable.
When the multipole number µ is increased, ω R increase linearly; ω I decreases and reach a stable value. This behavior is consistent for the mode values n = 0 and n = 1. When the mode number n is increased, ω R decreases; ω I increases linearly with n.
We used Pöschl-Teller approximation to find an analytical values for ω when λ is large. Our computation was done for large µ. The analytical ω obtained in this method verified the numerical values obtained with the WKB approach.
As future work, it would be interesting to find the stability under electromagnetic perturbations. Also, the cross sections of fields of spin 0, 1 2 , 1 would be an interesting aspect to study.
